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Abstract – The paper deals with the harmonic 
resonance problem. At the beginning, 
disadvantages of the only viable method for 
resonant investigations, i. e. the method based 
on frequency scan analysis of the node 
impedances, are enumerated. Then, the 
theoretical background for the calculations of 
resonant frequencies is presented. In the paper 
one utilizes description of the system with use of 
state equations. After the conditions of 
occurrence of resonance are described, the 
manner of calculation resonant frequencies is 
discussed. The proposed approach is illustrated 
by two examples. In the first example a simple 
RLC circuit is considered, in the second one for 
the IEEE 14-bus test system the resonant 
investigations are made. At the end, the features 
of the described approach are analysed. 
 
                                                                                                                                              
1. INTRODUCTION 
The resonance is a phenomenon related to 
harmonics in a power system. It is known from 
many years but the possibilities of its investigating 
are very limited. The method, that is regarded only 
viable, is the method based on frequency scan 
analysis of the node impedances [2], [4]. However, 
this method requires many calculations and is 
time-consuming. As it was pointed out in [4] the 
mentioned method cannot also offer additional 
information needed to solve the problem of 
resonances effectively. 
In this paper one proposes utilisation of the modal 
analysis to solve the resonance problem. Such 
analysis is considered in [1], [3] and [4]. However, 
in all these papers the modal analysis is made for 
other matrices than in this paper. These matrices 
are:  
− matrix A, i.e. the network state matrix in the 
case of the paper [1], 
− matrix A2, in the case of the paper [3], 
− matrix Y, i. e. the network admittance matrix 
in the case of the paper [4]. 
In this paper the modal analysis is performed in 
respect of a special matrix constructed on a base of 
the network state matrix.  
It also should be noted that the approaches 
considered in [1] and [3] give approximate results.  
In the paper the problem of determination of 
resonant frequencies is considered. The presented 
approach gives possibility of performing accurate 
calculation of resonant frequencies and having 
these frequencies, it allows conducting more 
extensive investigations of the resonance 
phenomenon. 
2. ASSUMED DESCRIPTION OF A POWER 
NETWORK 
The current in a branch (of a network) with a 
capacitive element can be described as 
 
t
vCi CC d
d= , (1) 
where 
C- - capacitance, 
vC -  the voltage on capacitive element. 
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The voltage on a inductive element is following 
 
t
iLv LL d
d= , (2) 
where 
L  –  inductance, 
iL -  the current in the branch with inductive 
element. 
 
Using the Kirchhoff's and Ohm's laws, the 
following matrix equation for a whole network can 
be written 
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where: 
vC -  the vector of voltages on capacitive 
elements, 
iL -  the vector of currents in the branches 
with inductive elements, 
C  –  the square matrix of capacitances (in 
network nodes), 
L  –  the square matrix of inductances in a 
power network, 
R  –  the matrix of resistances of branches 
with inductive elements,  
G  –  the matrix of conductances related to 
shunt elements, 
Q  –  the matrix of relation between 
currents in branches with capacitive 
elements and currents in branches with 
inductive elements, 
u  –  the forcing quantity. 
 
After transforming, (3) takes the form 
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where 
B - the control matrix. 
 
The formula (4) can be rewritten in the form  
 u
t
BxAx +=
d
d
, (5) 
where: 
x - the state vector, 
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

=
L
C
i
v
x , 


= −−
−−
RLQL
QCGCA 11
11
T . 
 
For the steady state it can be assumed that 
 ( )utu ϕ+ω= cos , (6) 
 ( )xiii tXx ϕ+ω= cos . (7) 
 
Without losing generality one can assume that 
 0=ϕu  (8) 
and 
 tu ω= cos . (9) 
 
An element of a state vector xi can be also 
expressed as 
 trtcx iii ω+ω= sincos . (10) 
 
Hence from (5) 
 
( )
( ) 321444 3444 21
4444 3444 21
&
u
ttt
tt
ω+ω+ω=
=ω+ω−ω
cossincos
cossin
BrcA
rc
x
x , (11) 
where: 
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and 
 
( )
( ) 0cos
sin
=ω−−ω+
+ω−ω−
t
t
BAcr
rAc
. (13) 
 
The equation (13) is always fulfilled if 
 BAcr =−ω , (14) 
 rAc −=ω . (15) 
 
From (14) and (15) the following equation results 
 [ ] BrΩI ω=−ω N2 , (16) 
where 
IN - the identity matrix, 
2AΩ −= . (17) 
In the matrix equation (16) ω and r are unknowns. 
ω is a scalar. r is a vector, having N components. 
In this situation there is no possibility to calculate 
all the mentioned unknowns. One of the 
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components of the vector r should be known to 
have possibility of calculation of ω, or ω should be 
known to have possibility of calculation of all the 
components of the vector r. Having ω and r, one 
can calculate the vector c from (15).  
3. CONDITIONS OF OCCURRENCE OF 
RESONANCE 
If a circuit including inductive and capacitive 
elements is connected to an energy source (which 
may be a source of a sinusoidal emf or current), a 
resonance condition can arise in the circuit. When 
the resonance in electric circuits occurs, the full 
exchange of energy at a specific frequency 
between electric and magnetic fields exists. The 
energy, that is required to force oscillations at the 
mentioned frequency, compensates only losses of 
energy at resistive elements. At the selected point 
of a system (further called the Point of Resonance 
Investigations or the point PRI) for the resonant 
frequency the current flowing across this point and 
the voltage at this point are in phase. If the 
mentioned current and voltage are described as 
 ( )uPRIPRIPRI tVv ϕ+ω= cos , (18) 
 ( )iPRIPRIPRI tIi ϕ+ω= cos , (19) 
 
then condition of resonance can be given as 
follows 
 0=ϕ−ϕ iPRIvPRI . (20) 
 
The quantity forcing resonant oscillations can be 
the current iPRI or the voltage vPRI. 
4. CALCULATION OF RESONANT 
FREQUENCIES 
When the resonance condition is fulfilled the 
equation (16) can be written in the form 
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The equation (21) is equivalent to the following 
equations  
 wNw bω=Ω− −1r , (22) 
 ( ) 01121 =ω−Ω −−− NNN rI , (23) 
where [ ]Nwwwwwww ωωωω= +− LL 111Ω ,(24) 
 
ωij – the element of the matrix Ω, 
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The solution of the equation (23) is 
 01 =−Nr  (27) 
 
or vectors rN = 1 calculated when 
 ( ) 0det 121 =ω−Ω −− NN I . (28) 
 
The condition (28) means that the matrix   
ΩN – 1 - ω2 IN – 1 is singular.  
The solution (27) is trivial. The interesting solution 
is solution when the condition (28) is satisfied. 
The equation (28) is a characteristic equation of the 
matrix ΩN – 1. The solutions of this equation are 
eigenvalues of the matrix ΩN – 1. If λ1, λ2, …, λN-1 
are mentioned eigenvalues, then the eigenvalue λI 
can be considered as square resonant angular 
frequency under conditions: 
(i) λI is a real value, 
(ii) λI > 0. 
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In this situation resonant angular frequencies can 
be calculated using formula  
 iri λ=ω , (29) 
when λI ∈ R+. 
5. EXAMPLES OF UTILIZATION OF THE 
CONSIDERED APPROACH TO 
CALCULATION OF RESONANT 
FREQUENCIES 
The method for calculation of resonant frequencies 
with use of the presented approach is further called 
the exact method. 
 
5.1. Determination of resonant frequencies for a 
simple system 
The considered system is depicted in fig. 1. The 
possible input quantities are: vsr, isr.  
Case 1: The point PRI is the point N1 - vsr ≠ 0, 
isr = 0 
For the considered system the following 
relationships can be written 
 L
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or in the matrix form 
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The condition of resonance is as follows  
 0=ϕ=ϕ vsriL , (33) 
 
because of for steady state  
 ( ) ttv vsrsr ω=ϕ+ω= coscos , (34) 
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A consequence of the condition (33) is 
 0=ir . (37) 
 
The matrix A2 has the form 
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For the considered example the equations (22), 
(23) can be written as 
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Fig. 1. The simple RLC circuit 
 
The eigenvalue of the one-element matrix ΩN-1 is 
the element of this matrix:  
 221
11
CRCL
−=λ , (41) 
 
and the resonant angular frequency is as follows 
 221
11
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−=ω , (42) 
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under assumption 
 011 22 >− CRCL . (43) 
Case 2: The point PRI is the point N2 - vsr = 0, 
isr ≠ 0 
For the system the following relationships can be 
written 
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The condition of resonance is  
 0=ϕ=ϕ isrvC , (47) 
 
because of for steady state  
 ( ) tti isrsr ω=ϕ+ω= coscos , (48) 
 
 
 
Resonant area I 
ωI=25,87?ωbaz Resonant area II 
ωII=6,43 ωbaz 
ωII=36,48 ωbaz 
Resonant area III 
ωIII=39,62 ωbaz 
 
 
Fig. 2. The IEEE 14-bus test system with the 
resonant areas determined by the method from [3]. 
and vC, iL are described by the formulas (35), (36)  
A consequence of the condition (47) is 
 0=vr . (49) 
 
The matrix A2 has the form 
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For the considered example the equations (22), 
(23) can be written as 
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The eigenvalue of the one-element matrix ΩN-1 is 
the element of this matrix:  
 
CL
1
1 =λ , (53) 
 
and the resonant angular frequency is as follows 
 
CLr
1
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5.2. Determination of resonant frequencies for 
the 14-bus IEEE test system 
During the calculations of resonant frequencies for 
the 14-bus IEEE test system (fig. 2) with use of the 
exact method the points PRI have been the nodes 
of the investigated system. The calculations have 
been performed successively for each such point 
PRI. Some of the results are presented in table 1. 
Usually, the exact method gives several resonant 
frequencies (solutions) for one point PRI. The 
number of resonant frequencies is equal to the 
number of eigenvalues of the matrix ΩN-1, specified 
for the point PRI in the investigated system, which 
are real and positive.  
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Fig. 3. The node impedances for nodes 1 and 2 
versus ω/ωbaz. 
 
In table 1 the results of the resonant investigations 
with use of the method based on powers (utilizing 
the system fault level and capacitor var size to 
calculation of resonant harmonic number; e.g. [5]) 
and the approximate method from [3] are shown, 
as well. Both the mentioned methods gives the 
approximate results. Using the method based on 
powers, one can calculate only one resonant 
frequency. In many cases this frequency differs 
much from the results of the exact method. The 
frequencies determined using the approximate 
method from [3] are relatively near the appropriate 
results of the exact method. However, it should be 
noted, that here there are given these results of the 
approximate method for which resonance damping 
is suitably low. For such damping the difference  
between results of the approximate method and the 
exact method can be small.  
In table 1 and in fig. 2 the so-called resonant areas 
are shown. The resonant area means an area of the 
network in which effects of the resonance for 
specific frequency can be especially observed. 
These areas have been determined using the 
approximate method. Analysing the table 1, it can 
be ascertained that there are such nodes for which 
the assessments of resonant frequencies with use of 
the approximate method is burdened with 
relatively large errors (e.g. the nodes: 3, 5, 12).  
In fig. 3 the results of the method based on 
frequency scan analysis of node impedances are 
presented. These results are very close to results 
obtained using the exact method. 
 
6. FINAL REMARKS 
The presented approach has the following features: 
(i) The approach allows to determine all 
resonant frequencies for a power network 
from the view-point of the selected point 
PRI . 
(ii) The approach leads to exact calculation of 
resonant frequencies. 
(iii) Precision of calculation of resonant 
frequencies depends on the precision of the 
assumed model of a power network. 
(iv) The approach does not require so many 
calculations as the approach assuming 
frequency scan analysis of the node 
impedances. 
 
TABLE 1. Results of calculation of resonant interharmonics for the IEEE 14-bus test system 
ωr/ωbaz Resonant-
area 
number 
Node 
number Method based 
on powers Exact method 
Approximate 
method 
1 8,03 9,02; 15,82; 25,78 
Area I 
2 6,54 8,98; 20,09; 25,79 
25,87 
3 8.94 2,39; 12,04; 47,66 
4 10,25 2,93; 3,20; 8,83, 11,15; 20,07, 28,04; 37,04 Area II 
5 9,36 8,89; 11,98; 20,90;  25,43; 25,77 
8,90 
36,26 
11 21,23 39,52; 54,34; 55,94 
12 12,23 15,36; 25,88; 35,16 Area III 
13 10,47 13,93; 30,65; 38,49 
39,62 
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(v) The approach gives possibility of 
conducting more extensive resonance 
investigation than other ones. 
(vi) The approach does not take into account 
nonlinearities of the power system. 
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